The infrared dynamics in the (3 + 1)-dimensional supersymmetric and nonsupersymmetric Nambu-Jona-Lasinio model in a constant magnetic field is studied. It is shown that while at strong coupling the dynamics in these two models is essentially different, the models become equivalent at weak coupling. In particular, at weak coupling, as the strength of the magnetic field goes to infinity, both the supersymmetric and non-supersymmetric Nambu-JonaLasinio models with N c colors become equivalent to the (1 + 1)-dimensional Gross-Neveu model with the number of colorsÑ c = N c |eB|S/2π, where S is the area in the plane perpendicular to the magnetic field B. The relevance of these results for cosmological models based on superymmetric dynamics is pointed out.
Introduction.
It has been recently shown [1, 2, 3, 4 ] that a constant magnetic field in 2 + 1 and 3 + 1 dimensions is a strong catalyst of dynamical chiral symmetry breaking, leading to the generation of a fermion dynamical mass even at the weakest attractive interaction between fermions.
The essence of the effect is the dimensional reduction D → D−2 (i.e. 2+1 → 0+1 and 3 + 1 → 1 + 1 ) in the infrared dynamics of the fermion pairing in a magnetic field. The physical reason of this reduction is the fact that the motion of charged particles is restricted in directions perpendicular to the magnetic field. This is in turn connected with the point that, at weak coupling between fermions, the fermion pairing, leading to the chiral condensate, is mostly provided by fermions from the lowest Landau level (LLL) whose dynamics is (D − 2)-dimensional.
In this paper, we shall further clarify the effect of the dynamical reduction, studying in detail the infrared dynamics in the (3 + 1)-dimensional Nambu-JonaLasinio (NJL) model in a magnetic field. We shall consider both the ordinary (nonsupersymmetric) and supersymmetric versions of the NJL model. In particular, we shall show that, as the strength of the magnetic field goes to infinity, both the nonsupersymmetric and supersymmetric (weakly coupling) NJL models with N c colors become (at least formally) equivalent to the (1 + 1)-dimensional Gross-Neveu (GN) model [5] , with the number of colorsÑ c = N c N, where N = |eB|S/2π is the number of states in the LLL (here S is the area in the plane perpendicular to the magnetic field B). That is, in the renormalization group language, these models relate to the same universality class.
On the other hand, at strong coupling, the dynamics in the supersymmetric and non-supersymmtric NJL models is very different.
Recall that there is no spontaneous chiral symmetry breaking in the supersymmetric NJL model [6] . An external magnetic field changes the situation dramatically: chiral symmetry breaking occurs for any value of the coupling constant in this model. This agrees with the general conclusion of Refs. [2, 3, 4] that the effect of the catalysis of chiral symmetry breaking by a magnetic field in 3 + 1 dimensions is a universal, model independent, effect.
As was already shown in Ref. [4] , the dimensional reduction 3 + 1 → 1 + 1 in the dynamics of the fermion pairing in a magnetic field is consistent with spontaneous symmetry breaking. Recall that, due to the Mermin-Wagner-Coleman (MWC) theorem [7] , there cannot be spontaneous breakdown of continuous symmetries at D = 1 + 1. The MWC theorem is based on the fact that gapless Nambu-Goldstone (NG) bosons cannot exist in 1 + 1 dimensions. However, in a magnetic field, the reduction 3 + 1 → 1 + 1 takes place (in the infrared region) only for propagators of charged particles: it reflects the fact that the motion of charged particles is restricted in the directions perpendicular to the magnetic field. On the other hand, NG bosons connected with spontaneous chiral symmetry breaking are neutral and therefore their propagators have (3 + 1)-dimensional form [4] 1 . This in turn implies that the effect of spontaneous chiral symmetry breaking does not contradict the MWC theorem.
The interplay between the GN model and the NJL model in a magnetic field established in this paper further clarifies this issue. As was mentioned above, the models become equivalent as the magnetic field B goes to infinity. Therefore the number of colorsÑ c = N c N = N c |eB|S/2π in the equivalent GN model also goes to infinity. Since the MWC theorem is not applicable to (1 + 1)-dimensional systems withÑ c → ∞ [8] , the equivalence between these two models does not contradict this theorem.
What is the relation between these models at finite |eB|? As we shall argue in Sec. 4, in this case, the dynamics of the NJL model in a magnetic field is similar to that in the (2 + ǫ)-dimensional GN model: the magnetic length l = |eB| −1/2 plays here the role of the (physical) ǫ-parameter which is an infrared regulator.
As was already pointed out in Refs. [1, 2, 3, 4] , there may be interesting applications of this effect in cosmology, in particle and condensed matter physics. The results of the present paper may be particularly relevant for cosmological scenarios based on supersymmetric dynamics [9] .
The paper organized as follows. In Section 2 we, for completeness, derive the effective action in the GN model. In Section 3 and 4 we establish the connection between the GN model and the NJL model in a magnetic field as |eB| → ∞. In Section 5 we consider the dynamics in the supersymmetric NJL model in a magnetic field. In Section 6 we summarize the main results of the paper and discuss possible applications of its results. In the Appendix some useful formulas and relations are derived.
2 Effective Action in the Gross-Neveu Model.
In this section, for completeness, we shall derive the effective action for the GN model. The Lagrangian density of the GN model is:
where µ = 0, 1 and the fermion field carries an additional "color" indexα = 1, 2, . . . ,Ñ c (for simplicity, we consider the case of the chiral U L (1)×U R (1) symmetry). The theory is equivalent to the theory with the Lagrangian density
1 The Lorentz invariance is broken by a magnetic field in this problem. By the (3+1)-dimensional form, we understand that the denominator of the propagators depends on energy and all the components of the center-of-mass momentum, i.e.
The Euler-Lagrange equations for the auxiliary fields σ and π take the form of constraints:
and the Lagrangian density (2) reproduces Eq.(1) upon application of the constraints (3). The effective action for the composite fields σ and π can be obtained by integrating over fermions in the path integral. It is given by the standard relation:
The low energy quantum dynamics is described by the path integral (with the integrand exp(iΓ GN )) over the composite fields σ and π. AsÑ c → ∞, the path integral is dominated by the stationary points of the action: δΓ GN /δσ = δΓ GN /δπ = 0. We will analyze the dynamics by using the expansion of the action Γ GN in powers of derivatives of the composite fields. We begin the calculation of Γ GN by calculating the effective potential V GN . Since
it is sufficient to consider a configuration with π = 0 and σ independent of x. Then we find from Eqs. (4) and (5):
where the integration is done in Euclidean region (Λ is an ultraviolet cutoff). As is known, in the GN model, the equation of motion dV GN /dρ = 0 has a nontrivial solution ρ =σ ≡ m dyn for any value of the coupling constantG. Then the potential V GN can be rewritten as
where
Due to the MWC theorem [6] , there cannot be spontaneous breakdown of continuous symmetries at D = 1 + 1. The parameter m dyn is an order parameter of chiral symmetry breaking only in leading order in 1/Ñ c (this reflects the point that the MWC theorem is not applicable to systems withÑ c → ∞ [8] ). In the exact GN solution, spontaneous chiral symmetry breaking is washed out by interactions (strong fluctuations) of would-be NG bosons π (i.e. after integration over π and σ in the path integral). The exact solution in this model presumably corresponds to the realization of the Berezinsky-Kosterlitz-Thouless (BKT) phase: then, though chiral symmetry is not broken in this phase, the parameter m dyn still defines the fermion mass, and the would-be NG boson π transforms into a BKT vortex-like excitation [8] .
Let us now turn to calculating the kinetic term in Γ GN . The chiral U L (1) × U R (1) symmetry implies that the general form of the kinetic term is
where ρ = (σ, π) and F and F µν 2 , one can use different methods. We used the same method as in Ref. [4] (see Appendix A in that paper). The result is:
with
. The explicit form of these functions is:
3 The Interplay between the GN Model and the NJL Model in a Magnetic Field
In this section, comparing the effective actions in the GN model and in the NJL model in a magnetic field, we shall establish a rather interesting connection between these two models.
In leading order in 1/N c , the effective action in the NJL model in a magnetic field was derived in Refs. [2, 4] . The effective potential and the kinetic term are (the magnetic field is in +x 1 direction):
,
Here G is the NJL coupling constant, N c is the number of colors, ζ(ν, x) is the generalized Riemann zeta function,
where the dimensionless coupling constant g = N c GΛ 2 /4π 2 . In the derivation of this equation, we used the relations [10] :
As B → 0 (l → ∞), we recover the known gap equation in the NJL model (for a review see Ref. [11] ):
This equation admits a nontrivial solution only if g is supercritical, g > g c = 1 (as Eq. (2) implies, a solution to the gap equation, ρ =σ, coincides with the fermion dynamical mass,σ = m dyn ). As was shown in Refs. [2, 4] , at B = 0, a non-trivial solution exists for all g > 0.
Let us consider the case of small subcritical g, g ≪ g c = 1, in detail. A solution is seen to exist for this case if ρl is small. Specifically, for g ≪ 1, the left-hand side of Eq. (16) is positive. Since the first term of the right-hand side in this equation is negative, we conclude that a non-trivial solution to this equation may exist only for
. Then we find the solution:
Actually, since Eq.(21) implies that condition (20) is violated only if (1−g) < ∼ |eB|/Λ 2 , the expression (21) is valid for all g outside that (scaling) region near the critical value g c = 1. Note that in the scaling region (g → g c −0) the expression for m 2 dyn is different [2, 4] :
Let us compare relation (21) with relation (8) for the dynamical mass in the GN model. The similarity between them is evident: |eB| and |eB|G in Eq.(21) play the role of an ultraviolet cutoff and the dimensionless coupling constantG in Eq. (8) .
Let us discuss this connection and show that it is intimately connected with the dimensional reduction 3 + 1 → 1 + 1 in the dynamics of the fermion pairing in a magnetic field. Eq. (8) implies that the GN model is asymptotically free, with the bare coupling constantG = 2π/Ñ c ln(Λ 2 /m 2 dyn ) → 0 as Λ → ∞. Let us now consider the following limit in the NJL model in a magnetic field: |eB| → ∞, Λ 2 /|eB| = C ≫ 1. Then relation (21), which can be rewritten as
implies that, in order to get a finite value for m 2 dyn in this limit, the behavior of the bare coupling constant g must be
Thus in this "continuum" limit, we recover the same behavior for the coupling g in the NJL model as for the coupling constantG in the GN model. Let us now compare the effective potentials in these two models. At the first glance, the expressions (6) and (13) for the effective potentials in these models look very different: the character of ultraviolet divergences in 1+1 and 3+1 dimensional theories is essentially different. However, using Eqs. (17) and (18), the expression (13) can be rewritten, for small ρl, as
Then, expressing the coupling constant g through m dyn from Eq.(21), we find that
Here we used the fact that, because of Eq.(21), the ratio (ρl) 2 is exponentially small near the minimum ρ = m dyn .
The expressions (7) and (26) for the potentials in these two models look now quite similar. There is however an additional factor |eB|/2π in the expression (26) and, besides that, while in the GN model, the field ρ depends on two coordinates, x 0 and x 1 , in the NJL model, it depends on four coordinates, x 0 , x 1 , x 2 and x 3 .
In order to clarify this point, let us consider (in the NJL model) a particular configuration for ρ, independent of x 2 and x 3 (recall that the magnetic field is chosen in the +x 1 direction and the x 2 and x 3 directions are perpendicular to B). Then, integrating in the effective action Γ over x 2 and x 3 , we find that the effective potential term in Γ is
whereÑ c = N c N with N = |eB|S/2π the number of states with the momentum k 1 = 0 in the LLL (S = L 2 L 3 is the area in the x 2 x 3 -plane). Recall that the energy of states in the LLL is
The number N is the number of states with the energy
Thus, for those particular configurations ρ, independent of x 2 and x 3 , we recover the potential of the (1 + 1)-dimensional GN model with the number of colorsÑ c = N c N: the number N, describing the degeneracy in the LLL, now enlarges the inner symmetry from SU(N c ) to SU (N c N) .
In order to clarify the assumption about the dependence of the field ρ on coordinates x 2 and x 3 , let us turn to the analysis of the kinetic term (14) in the effective action of the NJL model in a magnetic field.
Because of the expression (21) for m dyn at small g, the term 1/(ρl) 2 dominates in the functions F 
On the other hand, the functions F , connected with derivatives with respect to the transverse coordinates, are exponentially supressed, as compared to functions (29), and they go to zero as |eB| → ∞, Λ 2 /|eB| = C. As a result, the coordinates x 2 and x 3 become redundant variables in this limit. The ground state of the system corresponds to the translation invariant configuration ρ = m dyn , independent of coordinates x i (i = 0, 1, 2, 3 ). The terms with derivatives with respect to x 0 and x 1 in the effective action define the dependence of ρ on x 0 and x 1 in configurations describing excitations in the system.
Let us return to the kinetic term in the effective action of the NJL model. Taking into account Eq.(29), we find that, after integrating over x 2 and x 3 , this kinetic term exactly coincides with the kinetic term in the effective action of the GN model with the number of colorsÑ c = N c N, where N = |eB|S/2π (see Eqs. (9) and (12)). This, together with the result for the effective potential considered above, shows that the effective actions in these two models coincide, as the magnetic field goes to infinity.
The physical meaning of this equivalence is rather clear. At weak coupling, the fermion pairing in a magnetic field takes place essentially for fermions in the LLL. The size of the radius of the LLL orbit is l = |eB| −1/2 . As the magnetic field goes to infinity, this radius shrinks to zero. The only memory in the system about the transverse directions x 2 and x 3 is the degeneracy of the LLL: the center of a fermion orbit can be anywhere in the x 2 x 3 -plane. As a result, at each value of the momentum k 1 , the number of states in the LLL is dN 0 = SL 1 (|eB|/2π)(dk 1 /2π) [12] . Since at weak coupling only the fermions with k 1 = 0 are relevant for the fermion pairing, the degeneracy in the LLL leads to increasing the number of colors, N c → N c N, in the GN model, which now occurs as a low energy effective theory in the present problem.
In the next section, we shall discuss the equivalence between these two models in more detail.
More about the Connection between the GN Model and the NJL Model in a Magnetic Field
In the previous section, the equivalence between the (1 + 1)-dimensional GN model and the NJL model in a magnetic field going to infinity, was established. But what is the connection between these models at finite, though large, values of the magnetic field? In order to answer this question, let us turn to a more detailed discussion of the infrared dynamics in these two models.
The GN model is asymptotically free, with the bare coupling constantG = 2π/Ñ c ln(Λ 2 /m 2 dyn ) → 0 as Λ → ∞. Therefore there is the dimensional transmutation in the model: in the scaling region, atG ≪ 1, the infrared dynamics, with momenta k satisfying [ln(Λ 2 /k 2 )] −1 ≪ 1, are essentially independent of either the coupling constantG or the cutoff Λ; the only relevant parameter is the dynamical mass m dyn (which is an analogue of the parameter Λ QCD in QCD). Because of Eq.(21) for m dyn , one might expect that a similar dimensional transmutation should take place in the NJL model in a magnetic field: for |eB|GN c ≪ 1, the infrared dynamics, with k 2 ≪ |eB|, should be essentially independent of the magnetic field and the coupling G.
The real situation, however, is more subtle. Let us look at the propagators for fermions and σ and π particles at low momenta in the NJL model with a magnetic field [4] :
where k ⊥ = (k 2 , k 3 ) and C σ and C π are some inessential constants (we consider the case of the weak coupling, when relation (21) is valid). Because of relations (21) and (23), the coefficients of the k 2 ⊥ -terms in the propagators D σ (k) and D π (k) are exponentially small. Also, in the infrared region, the fermion propagator is independent (up to power corrections ∼ (k 2 ⊥ /|eB|) n , n ≥ 1) of the magnetic field. Therefore one might think that in this case, like in the GN model, the only relevant parameter for the infrared dynamics is indeed m dyn . However, while the dependence of the propagators of fermions and σ particles on |eB| can indeed be neglected, it is essential in the case of the propagator of the gapless NG mode π. The point is that the k 2 ⊥ -term in D π (k) provides the (3 + 1)-dimensional character of the NG propagator and, as was already explained in Introduction, this is crucial for the realization of spontaneous chiral symmetry breaking in the model. In a sense, the magnetic length l = |eB| −1/2 plays here the same role as the ǫ-parameter in the (2 + ǫ)-dimensional GN model [5] .
Let us now show that, as |eB| → ∞, interactions in the model disappear and, like in the (1 + 1)-dimensional GN model withÑ c → ∞, a degenerate case of spontaneous chiral symmetry breaking is realized: the fermion mass is dynamically generated but the NG mode decouples from fermions. The MWC theorem is not applicable to this case.
First of all, note that, because of the (3 + 1)-dimensional character of the D π (k) propagator, the 1/N c expansion is reliable in the NJL model [4] . This implies that the infrared dynamics in this model are (at least at sufficiently large N c ) under control: the effects connected with non-leading orders in 1/N c are small. Let us consider the running Yukawa coupling in this model. As follows from Eq.(2), in leading order in 1/N c , the bare Yukawa coupling as well as both the renormalization constant of the fermion field and that of the Yukawa vertex all equal one. Therefore the behavior of the running Yukawa coupling is determined by the renormalization constant Z (14) and (29) imply that, at weak coupling in the NJL model, the renormalization constant Z Y → 0 as |eB| (and therefore also Λ = C|eB|) goes to infinity. Examining the effective potential and the kinetic term in the effective action, one can show that a similar behavior occurs for the rest of running couplings, describing self-interactions of the chiral field ρ. In other words, there is a Gaussian infrared fixed point in the model: interactions disappear in the "continuum" limit, as |eB| and Λ go to infinity. SinceÑ c = N c N → ∞ as N = |eB|S/2π → ∞ and since the GN model is free asÑ c → ∞ [5] , interactions in the equivalent GN model also disappear in this limit.
Therefore these two models are strictly equivalent only as |eB| → ∞. At finite values of the magnetic field the dynamics in the models are different: while there is spontaneous chiral symmetry breaking in the NJL model, the BKT phase is presumably realized in the GN model [8] . However, though the spectrum of bosonic excitations is somewhat different in these models at finite |eB| andÑ c , one can expect that the behavior of their Green's functions is similar in the region m 2 dyn < ∼ k 2 ≪ |eB|. As |eB| → ∞, the two theories become identical.
In conclusion, we emphasize that this discussion relates only to the NJL model with a weak coupling constant, when relation (21) is valid. In the case of the NJL model with a near-critical g, the situation is different. In that case, when g → g c − 0, relation (22) is valid. As a result, one finds from Eq.(15) that the renormalization constant Z
) ln(Λ/µ) (the renormalization constant remains the same as g → g c + 0, i.e. from the side of the supercritical values of g). Therefore the behavior of the Yukawa running coupling is now similar to that in the NJL model without magnetic field (and with the same near-critical g) [11] :
there is the usual Gaussian infrared fixed point in this case.
The difference between these two dynamical regimes reflects the fact that, while at weak coupling the LLL dominates, at near-critical g all Landau levels are relevant [4] .
In the next section, we shall discuss the dynamics in the supersymmetric NJL model.
Chiral Symmetry Breaking in the Supersymmetric NJL Model in a Magnetic Field
As is well known, there is no spontaneous chiral symmetry breaking in the supersymmetric (SUSY) NJL model at any value of the coupling constant [6] . Here we shall show that an external magnetic field changes the situation dramatically: chiral symmetry breaking occurs for all (positive) values of the coupling constant. Moreover, at weak coupling, the dynamics in SUSY and ordinary NJL models are similar (and, therefore, similar to the dynamics in the (1 + 1)-dimensional GN model).
The action of the SUSY NJL model with the U L (1) × U R (1) chiral symmetry in a magnetic field is
Here we utilize the notations of Ref. [13] , except for our choice of metric g µν = diag (1, −1, −1, −1) . In Eq.(33), where s = σ + iπ, ρ 2 = |s| 2 = σ 2 + π 2 , and the Dirac fermion field ψ D is introduced. In leading order in 1/N c , the effective potential V (ρ) can now be derived in the same way as in the ordinary NJL model [4] . The difference is that, besides fermions, the two scalar fields ϕ c and ϕ give a contribution to V (ρ):
As is shown in the Appendix, the potential V (ρ) can be rewritten as
where the dimensionless coupling constant is g = GN c /8π 2 l 2 . As the magnetic field B goes to zero (l → ∞), we recover the known expression for the potential in the SUSY NJL model [6] :
As has to be in a supersymmetric theory, the potential V (ρ) is positive-definite. The only minimum of this potential is ρ = 0 corresponding to the chiral symmetric vacuum. Let us show that the magnetic field changes the situation dramatically: at B = 0, a non-trivial global minimum, corresponding to spontaneous chiral symmetry breaking, exists for all g > 0. Moreover, we will show that, as the coupling g → 0, the SUSY NJL model becomes equivalent to the ordinary NJL model and, therefore, at weak coupling and as B → ∞, it is equivalent to the (1 + 1)-dimensional GN model with the number of colorsÑ c = N c N, N = |eB|S/2π.
On the other hand, as we shall see, the dynamics of the SUSY and non-SUSY NJL models in a magnetic field are very different at strong coupling.
The gap equation dV /dρ = 0, following from Eq.(43), is
As can be seen from (43), at B = 0 the trivial solution ρ = 0 to this equation corresponds to a maximum of V :
It is shown in the Appendix for g > 0 and B = 0 that there is a nontrivial solution ρ =σ = m dyn to equation (45) which is the global minimum of the potential. The analytic expression for m dyn can be obtained at small g (when m dyn l ≪ 1) and very large g (when m dyn l ≫ 1). In those two cases, the results are: a) g ≪ 1 (m dyn l ≪ 1). In this case, the gap equation (45) is
i.e.
. Now, the gap equation (45) gives
The numerical solution to the gap equation (45) for general values of g is shown in Fig. 1 . Let us discuss the case of the weak coupling in more detail. By using the asymptotic series for Γ(x) [10] , the potential (43) can be rewritten at ρl ≪ 1 as
Using Eq.(46), the coupling constant g can be expressed through m dyn , and the potential can be rewritten as
This potential coincides with that in the ordinary (weakly coupling) NJL model (see Eq. (26)). Now, what about the kinetic term in the SUSY NJL model in a magnetic field? As shown in the Appendix, at weak coupling, this term also coincides with that in the ordinary NJL model. Therefore, at weak coupling, these two models are equivalent.
This and the results of Secs.3 and 4 imply that, as |eB| → ∞, the (weakly coupling) SUSY NJL model in a magnetic field also becomes equivalent to the (1+1)-dimensional GN model with the number of colorsÑ c = N c N, N = |eB|S/2π.
Note that the equivalence between the SUSY and non-SUSY NJL models become explicit only after the renormalization of the coupling constants. The structure of the ultraviolet divergencies in the effective potentials of these models is quite different (compare Eqs. (13) and (43)). This reflects the point that only the infrared (and not ultraviolet) dynamics in these models are equivalent, i.e., in the renormalization group language, these two models are assigned to the same universality class.
The physical picture underlying this equivalence is clear. An external magnetic field explicitly breaks supersymmetry: the spectra of charged free fermions and bosons in a magnetic field are essentially different [12] . While for fermions the spectrum is
for bosons it is
The crucial difference between them is that while for fermions the energy of the LLL is independent of B and (at k 1 = 0) goes to zero as m → 0, for bosons the energy of the LLL is E 0 (k 1 ) = ± |eB| + k 2 1 . In other words, there is a gap ∆E = |eB| in the spectrum of massless bosons in a magnetic field. Recall that, at weak coupling, the chiral condensate in the NJL model occurs because of the fermion pairing in the LLL with k 1 = 0. This also happens in the SUSY NJL model, in which the bosonic degrees of freedom become irrelevant at weak coupling.
Notice that, in the effective action, the field ρ plays the role of the mass. In particular, the infrared singularities (as ρ → 0) in the expressions for the potential and the kinetic term (see Eqs. (26) and (29)) reflect the absence of a gap in the LLL for massless fermions.
We emphasize that the equivalence between these two models takes place at weak coupling only. When g becomes larger than g c = 1, the dynamics in these models are essentially different. While at g > g c = 1 in the ordinary NJL model the chiral symmetry is spontaneously broken even without an external magnetic field, there is no spontaneous chiral symmetry breaking in the SUSY NJL model as B → 0 at any value of g (see Eq.(49)). The difference between the dynamical regimes with the weak and strong coupling corresponds to the fact that, while at weak g the dynamics of the LLL of fermions dominates, at g ≥ g c = 1 all (fermionic and bosonic) Landau levels become relevant.
Conclusion.
In this paper we studied the infrared dynamics in the ordinary and SUSY NJL models in a magnetic field. It was shown that, at weak coupling, the infrared dynamics in these two models are equivalent and, as |eB| → ∞, the models become equivalent to the (1 + 1)-dimensional GN model with the number of colorsÑ c = N c N, where N = |eB|S/2π corresponds to the degeneracy of the fermionic LLL.
One can say that, at weak (g < g c = 1) coupling, the infrared dynamics of these models relate to the same universality class [14] .
This result agrees with the general conclusion of Refs. [1, 2, 3, 4] that the catalysis of chiral symmetry breaking by a magnetic field is a universal, model independent effect. This catalysis may have possible applications to cosmology, particle physics and condensed matter physics [4, 15] .
A specific application of interest would be a linkage between catalysis of chiral symmetry breaking and the existence of very strong primordial magnetic fields in the early universe [16] . The results of the present paper can be especially relevant for cosmological models based on supersymmetric dynamics [9] .
Also, the effect of the dimensional reduction by external fields can be quite general and relevant for multi-dimensional field theories. To derive it, we use the relation [10] ∂ ∂q ζ(z, q) = −zζ(z + 1, q).
Differentiating it with respect to z and integrating over q, we obtain ∂ ∂z ζ(z, q 2 ) − ζ(z, q 1 ) = − 
Then, using the identities [10] ζ(0, q) = 1 2 − q, ∂ ∂z ζ(z, q) z=0 = ln Γ(q) − 1 2 ln 2π,
we obtain Eq.(60). From Eqs.(59), (60) and relations [10] Γ(µ) = Γ(µ + 2) (µ + 1)µ , ζ(−1, q) = − 1 2
we obtain equation (58). Eqs. (56) and (58) lead to relation (43) for the effective potential.
Let us show that, at weak coupling, the kinetic term in the effective action of the SUSY NJL model coincides with that in the ordinary NJL model. For this purpose, we shall prove that the contribution of the scalar fields in the kinetic term is suppressed.
By using the approach of Ref. [4] , one finds that the functions F µν 1 and F µν 2 in the kinetic term (14) are now equal to:
The crucial point for us is that, while the fermionic contribution (29) in F µν i is divergent as ρl → 0, the contribution of the scalars is finite in this limit. This conclusion, following directly from Eqs. (55) and (66), reflects the fact that there is a gap in the spectrum of massless charged scalars in a magnetic field (see Eq. (53)). Since, at weak coupling, the parameter ρl is exponentially small, we conclude that the contribution of the scalars is indeed suppressed at small g. 
